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1. Introduction 



Abstract. The procedure in [Fuchs et al.] to obtain a fusion algebra from the modular 
transformation of characters in logarithmic conformal field models is extended to the 
{p : p') logarithmic models. The resulting fusion algebra coincides with the Grothendieck 
ring of the quantum group of the (p,p') model. 

o 
o 

(N 
o 

This paper is a remark on fusion in a class of logarithmic models of conformal field 
^ ! theory [1, 2, 3]. In rational conformal field models, fusion is related to modular trans- 

formations of characters by the celebrated Verlinde formula [4, 5]. Because the Verlinde 
formula relies on the fact that the fusion algebra is semisimple, it does not immediately 
extend to logarithmic conformal field theories, where fusion algebras (starting with the 
pioneering results in [6]) are typically nonsemisimple. The known extensions of the Ver- 
linde formula to the nonsemisimple realm rely on some extra input, in one form or an- 

^ ■ other [7] (also see [8]). In the prescription proposed in [9], this extra input can be related 

> 

in 



to a quantum-group formulation. 

The role of quantum groups in logarithmic conformal field theory gradually emerged 
in [10, 11, 12, 13] (see [14] for a summary and [15] for some further development), 
leading to a version of the Kazhdan-Lusztig "duality" between the extended algebra W in 
^ — ' a logarithmic conformal field model and the corresponding quantum group jj. 1 The most 

remarkable result related to the Kazhdan-Lusztig duality is the coincidence of modular 
group representations (the one generated from the W characters and the one carried by the 
center of g); also, the Grothendieck ring of g is a natural candidate for the fusion algebra 
of W-representations (we speak of the i^o-type fusion, see [9, 18]). 

For the (p, 1) logarithmic models, in particular, this "quantum-group candidate fusion" 
coincides with the fusion derived in [9] from the characters, thus lending additional sup- 
port to the procedure proposed in [9]. The aim of this paper is to extend the existing state 
of consistency to (p, p') logarithmic models: we propose a prescription whereby the mod- 
ular transformations of the characters of the extended algebra in the (p,p') logarithmic 



^These are factorizable ribbon quantum groups at even roots of unity; see [16] for their other use 
and [17] for an interesting precursor of their occurrence in logarithmic models: the ribbon structure, the 
(co)integral, and the M[onodromy] matrix (cf. [10, 13]) are already present in [17], albeit in a somewhat 
simpler situation. 
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model [12] are converted into a nonsemisimple fusion algebra, which turns out to coin- 
cide with the Grothendieck ring of the corresponding quantum group q [13]. For this, we 
follow the approach in [9] (also see [7]) very closely. In Sec. 2, we describe our starting 
point, the modular group representation generated from the characters of the extended 
algebra of the (p,p') logarithmic models. In Sec. 3, we formulate the procedure to con- 
vert these modular transformations to the following fusion algebra on 2pp' elements % ± J 
[13]: 

r+s-l r'+s'-l _ 

u=\r-s\+luf=\r J -s'\+l 
step=2 step=2 

where ce,/3 = ±1 and 



rw-a 
Jv / 



X«,_ r/ + 2X; a py , p+ 1 < r ^ 2p- 1 , U^p', 

K^^XT^,, l^r^p, p'+l<r'^2//-l, 

nrCC J_9 r k a 

JK '2p-r,2p'-r J ~i~*"^2p-r/-it 



\+ 2 K a p,2 P >-r>+ 4% ?- P) r>- P >, P+Kr&p-l, p'+l^^p'-l. 
The identity of this associative commutative algebra is given by 3Ct,. We also recall 
from [13] that this algebra is generated by two elements 3C^~ 2 and Xji an d can a l so 
described as the quotient of C[x,y] by the ideal generated by the polynomials 

U2p+i(x) -U 2p -i(x) -2, 

tV+i(y)-^2y-iCy)-2, 

E/ p+1 (x) - E/ p _i(x) - E/y +1 (y) + t^-iCy), 

where 

sin 

EM 2 cos f) = — — , 5^1, 
v y sin? ' ' 

are Chebyshev polynomials of the second kind. 

2. Modular transformations of the (p,p') characters [12] 

For each pair of coprime positive integers p, p' , the extended algebra of the logarithmic 
(p,p') model is the W-algebra W p y identified and studied in [12]. It has l(p — \ ){p' — 
1) +2pp' irreducible representations, the j(p — l)(p' — 1) of which are just the Virasoro 
representations in the corresponding (p,p') minimal model and the other are "genuine" 
W P; p' -representations (such that the radical of W^ y acts nontrivially). In what follows, 
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the characters of irreducible W p y -representations are denoted as 

(2-1) */■/(*)> X~r>(*), 

(r/)& Ur<p, 

where we introduce the index set 

(2.2) J = {(r/) | UK^-l, Ur'^'-l, p'r + pr' ^pp'}, 

with po| = jC? — 1) (p' — 1) (we recall the well-known symmetry £ r /(T) = Xp-rrf-r 1 ^) 
of the minimal-model Virasoro characters). 

The modular (specifically, 5-) transformation properties of the characters are as fol- 
lows. First, the minimal-model characters % rr i are well-known to S-transform as 

(2.3) XrA -\)=-^= £ (.ij^^^l,), (,/)«=,„. 



Next, it follows from [12] that (for 1 ^ r < /? and 1 < r' ^ p') 

(2.4) 4, (-1) = t thr>,A*) (xt-iW + (- i r' r+pr 'x-A*)) 

+ E 8^(*)J&/(*), 

+ E §,v-,,/(^)^,,'(t), 

where the matrix elements § rr i s s /(t) that interest us in what follows are given by 

// TCpr's' . p'-s' . Kpr's\ , , 

X ( — COS—— IX- — — sin-!— , 1^5 '<p— 1, 

v p' p' p' p 

(2.6) S r/;syW = -^^(-ir-W^r eo^.rtt! sin ^), 



&r,r>;p,p'(v 



Ipp p 

1 rr' 



and the other matrix elements are 

Sl/. t j(t) = (-1) , „ j= pp rr cos- 5 — cos-^- 

. I , / ; % Tip rs . Tlpr 1 V ■ I i I l\ ■ Kp'rs TZpf S 

+ jp rz{ps — p s) cos - sin— ^ — h zpr T(p s — ps ) sin - cos ^ 

Aps'-p's) 1 o , pV 2 + p' 2 j- 2 s . JToVs . JTp/i' 

+ / T - 2inpp'x+ l - — ) sin-^- sm-^- 
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In (2.6), remarkably, the dependence on the primed and unprimed indices almost (mod- 
ulo (—\y s '+ sr '} factors, which partly reduces the analysis to that for the (p, 1) and (l,p') 
cases. (Most of the quantum-group objects corresponding to the (p,p') models in [13] 
also have an "almost factored" form.) 



3. "Logarithmic" (p,p') -fusion 

3.1. The procedure. The steps leading from (2.4) and (2.5) to (1.1), in much the same 
way as in [9], are as follows. 

1 . We view the characters in (2. 1) as a column vector and write the S- transformation 
formulas as 

X(-^)=S(T)X(T), 

with the corresponding N x N T-dependent matrix S(t), where 
N=\(p-l)(p'-l)+2pp' 

is the total number of characters. 

We then take S(t) to be the (2pp') x (2pp') block of S(t) corresponding to 
the 2pp' characters ^ ± / (t), l^r^p, l^r' ^p'. That is, we deal with only the 
§r,rW«) in (2.6). 

In accordance with the block structure of the Jordan form of §(t), we fix the 
block structure of matrices as follows: 2 blocks of size lxl, (p— 1) + (p' — 1) 
blocks of size 2 x 2, and \ (p - 1) (p' - 1 ) blocks of size 4x4. 

2. Totally similarly to [9], there exists a {{2pp') x (2p//)-matrix) automorphy factor 
7(y, t), with 7 e 5L(2,Z), satisfying the cocycle condition and a commutativity 
property formulated in [9], such that 

S = 7(5, t)S(t) 

is a numerical (r-independent) matrix; in fact, 

(3.1) S = S(i). 

It then follows that S 2 = 1 . 

3. From now on, x = (Xy) denotes the 2pp' W p p / -characters ordered as 

(^•^) ?C yXtp pt 7 ^p^p' ' ^v^p 1 ' %p — Y ' %p : t J ' ■^ , p,p / — r' ' ■^r 1 r / ' — r r' ' ^ , t\p / — } J ' — '-/^ — " 

This arrangement of the characters clearly agrees with the "1 + 1 + (p + p' — 2) ■ 
2 x 2 + j(p — l)(p' — 1) ■ 4 x 4" block structure. We also define a special row 
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P Q = (1,1, 1,0, ...,1,0 , 1,0, 1,0 , 1,0,0, 0,..., 1,0,0,0 ). 

2(p-l) elements 2(p'-l) elements A-\(p-\)(p' -\) elements 

(At this point, we anticipate that the block structure inherited from S(t) is to be- 
come the block structure of the fusion algebra; accordingly, the ones encountered 
in Pq correspond to the decomposition of the identity into a sum of primitive 
idempotents, one for each block.) 

4. Let Sfi = (S a y ) be the row of S corresponding to the vacuum-representation char- 
acter xa = Zli , 2 i-e., 

(the sum is taken over the 2pp' values of J in accordance with (3.2)). With the 
chosen ordering, Xa occupies position 2p+2p'— 1 in (3.2) and, accordingly, Sn is 
the (2p+2p' — l)th row. Explicitly (see (2.6)), the segment of corresponding 



to (X^Xp-^Xs^^Xp^^) is given by p 



times 



(3.3) (( 



Tips , v . ffpiw Tips , , ,s . Tips \ 

cos h p- s sin cos — t + \p —s sin — — , 

p vi / p / \ pf y / 

/ TTp'i . 7rzA\ / 7T/™' , / /s . Tips' \ 

cos s sin cos — t + \p —s sin — — , 

\ p p / v p x ' P ' 

( Tip's , \ . Kp's\ I Tips' i . Tlps'\ 

(cos— + (p-s) sm— J (cos— -5 sin— ) : 



/ 7TP 5 . nus\/ Jt,us i . zips \ 

(cos 5 sin ) (cos — - — 5 sin — r J 



Tip S 



Tips 



Tips 



5. We next consider the equation (cf. [9]) 
(3-4) Pn = S n K 

and solve it for the block-diagonal matrix 

K 2 



(3.5) 



K 



#2x2 



#2x2 






#4x4 



V 



#4x4 



The vacuum representation Xfj of the W„ y algebra in [12] is in fact an extension of the Virasoro 
representation X^i whose character is Xi,i( T ) by the "W p p / -representation X+j whose character is ^^(t): 



0^X 



l.i 



3C 



l.i 



X 



u 



0. The difference between 3Cj l and Xj l is irrelevant in the present context, 



where we ignore all the % ri i characters altogether. 
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(with zeros outside the blocks), where the 2x2 blocks are as in [9], i.e., have the 
structure 

a X 
—a bX 



K 2 



x2 



(it is understood that K, 



for each block, but the block depen- 



i) _ ( fl (0 A® 

2x2 - \_ fl (i) ft(0A« 

dence is omitted for brevity) and the 4x4 blocks have the structure 

l \ 



/ a 



x4 



—a 



\ a 



J" 


V 


-jUV 

a r 


-p 


cv 


c 

-/IV 

a 


b\L 


-V 


b 

-/IV 

a r 


-bjl 


-cv 


be 
a r 



) 



(again, with the block dependence omitted). 

The nonzero factors A, /i, and v, rescaling each column except the first in 

each block, are irrelevant in what follows (because nilpotent elements have no 

canonical normalization). The unknowns a and b in each 2x2 block and a, b, 

and c in each 4x4 block are determined from Eq. (3.4). That is, if (Ji,tf2> J 3>' s 4) 

is a segment of Sfi corresponding to a 4 x 4 block, then 

1 s 2 -s\ S3 -si 
a = , b = , c = 

51-52-^3 + 54 S3 -54 S2 - S4 

in this block; the equations are compatible because S1S4 = S2S3, as is readily seen 
from (3.3). (By (3.4), the two elements of K that constitute the lxl blocks are 
the inverse of the corresponding S-matrix coefficients, just as the denominators in 
the semisimple Verlinde formula; with the 2x2 blocks, the situation repeats that 
in [9].) 

6. We set 

P = SK. 

The fusion algebra is now reconstructed from the P matrix in much the same 
way as in [9], as follows. Evidently, the (2p + 2p r — l)th row of P is just P^. 
Let Pj be the 7th row of P. We define M/, I = 1, . . .,2pp', to be block-diagonal 
matrices that solve the equation 

(3.6) P; = P n M/ 

and whose 2x2 blocks are of the form (just as in [9]) 

a 

a 
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7 



and the 4x4 blocks are 



/ a 


P 


7 


c\ 




a 





7 






a 


P 


\ 






a J 



( 



Pi 



pi 



(with zeros below the diagonal). 

The M/ are then determined uniquely; in particular, the 4x4 blocks are given 

by 

n si\ 
n 

pi qi 
pi) 

where {pi,qi,ri,si) is a segment of P/ corresponding to the chosen block. 
The result is then that the M/ satisfy the algebra 
(3.7) MiMj = Y,nfjM K , 

K 

where the nonnegative integer coefficients nfj turn out to be those read off from (1.1). 
(Simultaneously, the matrix N/ = PM/ P _1 for each / gives the fusion structure constants 
as (N/)/- = nfj.) Evidently, is the unit in the algebra. 



3.2. Examples. The illustrative power of examples is hampered by the rapidly growing 
matrix size and the general clumsiness of explicit expressions. We consider only the 
"percolation" and "Lee- Yang" cases, where explicit values of the various matrix entries 
may be useful for comparison with the studies of these cases by more direct methods 
(e.g., in [19]). 

3.2.1. (3,2). For (p,p r ) = (3,2), the 12 x 12 matrix S = S(z') explicitly evaluates as 



i 

1 

2^3 
1 

6v/3 
1 

3/3 
1 

3\^3 
1 

6V3 
1 

4\/3 
1 

4\/3 
1 



1 

V3 
1 

V3 
1 

6v/3 
1 

3^ 
1 

3V3 
1 

6n/3 
-1 

4~73 
-1 

4\/3 
-1 



12%/3 12v/3 

1 -1 

6V3 6\/3 

1 -1 

12vf 12-/3 

1 -1 

6v/3 6v/3 



1 

75 
1 

V3 

18 

-3-%/3 
9 

-3-y/3 
9 

6-^3 
18 
1 

2\/3 
1 

2~73 

6-^3 

36 
-3-y/3 
18 

36 
-3-y/3 
18 



1 

v'3 
1 

V3 
-3-n/3 
18 

3-2^3 
18 

3-2n/3 
18 

-3-\/3 
18 
1 

2^3 
1 

275 

-3-\/3 

36 
3-2y/3 

36 
-3-n/3 

36 
3-2n/3 

36 



1 

x/3 
1 

V3 
-3-n/3 

18 
3-2^ 

18 

3-2n/J 
18 

-3-\/3 
18 
-1 
2V 7 ? 
-1 
2^ 
3+v^ 

36 
2y/3-3 

36 
3 + y 7 ! 

36 
2y/3-3 
36 



1 

75 
1 

V3 

6-y/l 

18 

-3-y/3 
9 

-3-y/3 
9 

6-y/3 
18 
-1 



2V3 
-1 

275 
y/3-6 

36 
3+y/3 

18 
y/3-6 

36 

3+y/3 

18 



J_ J_ 

-1 -1 

1 1 

575 575 

2 2 

3-v/3 3V3 

-2 -2 

3^3 3v/3 

-1 -1 

3^ 3^ 

-1 1 

275 2\fi 

1 -1 

275 2^ 

-1 1 

6\/3 6\/3 

-1 1 

3v^ 3^ 

1 -1 

6n/J 6v^ 

1 -1 

575 575 



_2_ 

v/3 
^2 

V3 

6-y/I 

9 

-2(3+y/3) 
9 

2(3+y/3) 
9 

y/3-6 
9 

-1 

75 
1 

v/3 
n/3-6 

18 
3+y/3 

9 

6-y/I 

18 

-3-V3 



75 
^2 

V3 
-3-n/3" 
9 

3-2y/3 
9 

2y/3-3 
9 

3 + y/3 
9 

J_ 

V3 
1 



73 
3+^3 

18 
2y/3-3 

18 
-3-n/3" 

18 
3-2y/3 

18 



_2_ 

^2 

V3 

6-y/3 

9 

-2(3+v/3) 
9 

2(3+y/3) 
9 

^3-6 
9 

J_ 

75 
-1 

73 
6-y/3 
18 

-3-y/3 
9 

n/3-6 

18 
3+y/3 

9 



J_ - 

73 
^2 

V3 
-3-n/3 
9 

3-2^3 
9 

2y^-3 
9 

3+^3 
9 

J_ 

75 
J_ 

V3 
-3-%/3 

18 
3-2y/3 

18 
3 + y/3 

18 
2y^-3 

18 , 
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Here, Sq, is the 9th row of S. The matrix K in (3.5) is then given by 



/12/3 



K 



-12/3 



1 

1-3V3 



4 1 

a 7+3 
H 11 



-3/3 1 
3/3 1 



V 

which gives rise to the fusion-algebra eigenmatrix 





-111 -1 

1 1 ?-3y/3 3y/3-7 
2 2 

11-1 -1 

i i 3y^-7 3^-7 } 
1 1 2 2 / 



f 6 _ 6 H^i) o 
6 _ 6 o Hv|zll o 
2-2 2 



P = SK 



3(l+2y/3) 

11 

3(l+2y/3) 

11 

2 



4 _4 _9 3(1-n/3) ? -3(1+2n/3) 
4 z 22 



4 -4 -2 
2-2 2 
3 3 



H^i) o 



3 3 

1 1 

2 2 
1 1 1 



1 



3(1-n/3) 9 -3(l+2y^) 
4 Z 22 

0-2 

-3(l+2y/3) 
22 

-3(l+2y^) 
22 



3(l+2y/3) 
44 



3(l+2y^) 
44 



_2_ 

^2 

V'3 
2 

3v/3 

4 

3\/3 

-4 

3%/3 
-2 

3%/3 






2 

-2 

2 

-2 














1 1 

3(1— y/3) 

8 1 



3(1-/3) 
-3 3(/3-l) 



1 

-1 







1 



V2 2 _! m^i _i 



1 

2 
-10-10 
-2010 





3(y/3-l) 
2 



3(l-x/3) 
2 



6(1 -V3 

6(V3-1) 


3(V3-1) 

3(1-/3) 












The fusion relations that follow in accordance with (3.6)-(3.7) are the (p = 3,p' — 2) 
specialization of (1.1) (explicitly written in [12]). 

3.2.2. (5,2). For (p,p') = (5,2), all of the entries of the 20 x 20 matrix S can be easily 
evaluated from the S rr j ;s s >(i) in (2.6). In particular, the vacuum-representation row is 



13 



1 5-/5 + 4/ 10(5 + /I) 5-/5- / 10(5 + /5) 5 + /5 - 3 J 10(5 - VI) 



20/5' 20// 



200 



200 



200 



5 + /5 + 2/10(5-/5) -5 -V5 -2^/10(5-/5) -5-/5 + 3^10(5-/5) /5 -5 + ^ 10(5 + /5) 



200 



200 



200 



200 



v/5-5-4/l0(5 + /5) i 



1 5-/5 +4/10(5 + /5) 5-/5-/10(5 + /5) 



200 



10/5' 10/5 ' 



100 



100 



/5- 5 -4/ 10(5 + /I) /5-5+/l0(5 + /5) 5 + /5 -3/10(5-/5) 



100 



100 



100 
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5 + "v/5 + 2JlO(5-"v/5) -5-V5 + 3a/10(5--v/5) -5 -y/5 -2 J 10(5 



100 ' 100 

The matrix K in (3.5) then consists of the blocks 



100 



K = diag 20\/5, -20V5, 



2^2(5 -V5) 



1 



-2J2(5-V5) 



5^5-2+5^/5-2^ 
2 



2J2(5 + V5) 



2a/2(5 + V5) 



109+20v/5-5V365 + 158y/5 
41 



2J2(5 + V5) 



2a/2(5 + V5) 



142+15y/5"+5V485+202y/5 
158 



2^/2(5-^5) 1 
-2 1 2(5 — V5) 379 ~ 4 °v^~ 5 V 6245 ~ 2558 v^ 



5- y/5 
2 

5- y/5 
2 

5- y/5 
2 

5- y/5 
2 



1121 



1 



5V5 1 
-5y/5 1 



5+y/5 
10 



5 y/5- 2+5^5 -2 y/5 25 ( y/5- 1 )+y/ 5450+290y/5 



2 
-1 



20 



5+y/5 
10 



-1 



2-5y/5-5- v /5-2y/5 25(y/5-l)+- v /5450+290y/5" 
2 20 



5+y/5 



1 



5- y/5 



10 



5+y/5 
2 

5+y/5 
2 



1 



109+20^-5-^/365 + 158^ 425+ 1 25 y/5- \/476050+79 1 90 y/5 



1 



41 



1 



410 



5- y/5 
10 



' 5+y/5 _i -109-20y/5+5\/365 + 158y/5" 425+125 y/5"-\/476050+79190y/5" 
2 1 41 410 

This gives rise to the fusion-algebra eigenmatrix P = SK, shown (at about the limit of 
reasonable typesetting capabilities) in Fig. 1. The (p = 5,p' = 2)-case of algebra (1.1) 
follows from this P in accordance with (3.6)-(3.7). 



4. Conclusions 



The procedure proposed here is of course not a replacement for the "honest" deriva- 
tion of fusion (cf. [19]). We also reiterate that the success of this procedure is apparently 
rooted in the quantum group structure of the corresponding logarithmic conformal field 
models [12, 13] (and actually amounts to no more than establishing the coincidence with 
the quantum group Grothendieck ring). For the logarithmic (p,p') models, anyway, the 
existence of a relation between modular transformations of characters and the fusion ad- 
ditionally supports the "quantum-group candidate" for the fusion of representations of 
the extended algebra in [12]. 3 But the much more complicated "logarithmic" modular 
transformations in [21] are not likely to yield a fusion algebra similarly. 

In fact, Kazhdan-Lusztig-dual quantum groups "know" not only about the numerology and modular 
group transformations of extended-algebra characters in logarithmic conformal field models but also about 
the asymptotic form of the characters [20]. 



10-10 
10-10 

2-2 2 



5+y/5(5-2y/5) 
2 



5+y/5(5-2x/5) 
2 



x/5(5-2x/5) 



l+ 2v/5-2x/5 
v/5(5-2x/5) 
l+2</S-2v^ 




x/5(5-2x/5) 



-l +3x/5-2x/ 5 

y/5(5-2x/5j 
-l+3v/5-2x/5 




n 300x/5-40— x/5(6245-2558x/5) „ 

u 1121 U 

„ -40+300^- y/5(6245-2558x/5) „ 

u nsi u 

-2 



„ o _ 9 5^-5+^250-110^ 7 -170-50x/5+x/ 18850+8390 x/5 _ ? -315-75^- 04650- 109 H)x/5 7 1540-340x/5-x/3 15250- 1 39190 x/5 n 

5 8 Z 8 Z 164 Z 632 Z 4484 V 

4 ^ j -5-75-^10-2^5 j | ^ 10-26y5+y/610+218v/5 t 45-57x/5-\/890+242x/5 ^ Vl 1890-2858^-4(65+73^/5) Q 

6 -6 1 — \/5 ~v^~ \/5-2\/5 _ J_ v /j 30+4x/5- y/365+158y/5 j + v /j 60+3x/5+x/485+202x/5 y/g"_j -300+8x/5+-x/6245-2558x/5 q 
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FIGURE 1. The 20 x 20 eigenmatrix P = SK for (p,p') = (5,2). The vacuum-representation row is the 13th. 
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